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ABSTRACT
I Resonant Modes of the Vane Magnetron
The resonant modes of vane type magnetrons are calculated, neglecting
end effects and fringing near the vane edges. The effect of the cathode is con-
sidered and found to be negligible for all except the lowest modes. Tables are
presented which facilitate the computation of the resonant wave lengths over a
wide range of magnetron dimensions. The measured and computed values for three
typical magnetrons differ by about 3%, presumably due to end effects. It is
shown in Section II that the fringing of the fields could not account for more
than a 1% difference.
II Effect of End Zones
Several methods of calculating the end zone effect in a linear magne-
tron are presented. In the first procedures appropriate tangential electric and
magnetic fields in the end zones are joined to the corresponding fields in the
oscillator cavities. These methods fail because the fields in the end zones
and the fields in the cavity which corresponds to the region between the cathode
and anode are not adequately matched. To improve this connection the currents
on the walls of this region are joined continuously to the currents in the end
zone walls. The calculated end zone effect is then in qualitative agreement with
experiment. The remaining discrepancy is probably due to the omission of damped
modes which are important near the edges of the vanes.
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III Experimental Study of a Linear Magnetron
To investigate experimentally the effect of tne end zones a 10 slot
linear magnetron cavity witn adjustable end plates has been constructed. Modes
in tne range from 6.5 to 12.5 cm. were detected and identified by means of the
standing wave pattern picked up by a movable probe. The wave lengths of all the
observed modes decrease as tne end zone is reduced. however for the higher modes
the decrease is slight, even at the smallest end zone used (.6 mm). Rough measure-
ments of the unloaded Q were also made, and are approximately one half of the com-
puted values.
IV The Corrugated Wave Guide
The linear magnetron used as a wave guide is known as a corrugated wave
guide. Formulas are derived for the guide wave length and attenuation. The com-
puted wave l1nthls are within 5 of tho e r alues, but the attenuation is
about one fourth the actual value. It is shown that wave guides with relatively
large end zones have the least attenuation.
V The Corrugated Coaxial Line
The corrugated coaxial line employs the same principle as the corrugated
wave guide except that the slots are cut in the inner conductor. The wave length
and attenuation in such a line are calculated both for empty slots and for slots
filled with dielectric. Convenient approximate formulas for these quantities are
presented which agree quite well with experiment. The attenuation due to losses
in the dielectric is also considered.
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CAVITY RFBONATORS AND WAVE GUIDES
CONTAINING PERIODIC ELBENTS
I. Resonant Modes of the Vane Magnetron
The resonant modes of slot and slot-and-hole magnetrons have
been calculated by A. M. Clogston(l). This section presents similar
calculations for vane type magnetrons, i. e., in which the oscillator
cavities are in the form of sectors of a cylinder.
An idealized type of vane magnetron will first be considered,
a cross section of which is shown in Fig. 1. It is assumed long enough
so that the end effects may be neglected. The cathode will also be
omitted.
The space may be divided into two regions, the central cavity, I,
and the individual oscillator cavities, II. In each region appropriate
solutions of Maxwell's equations are used, obeying the boundary conditions
on the metallic surfaces, which are considered ideal. Inside the oscil-
lator cavities the radial component of the electric field will be neglected,
that is, edge effects will not be taken into account.
The fields in each region are connected by requiring that the
angular component of the electric field be continuous. The frequency at
which the magnetron resonates is then determined by the condition that
the axial component of the magnetic field vary continuously from
Region I to II. Since the fields are only approximate, this condition
cannot be fulfilled rigorously. One may however match the average magnetic
field over the slot width.
(1) --------------------------------
MA. M. Clogston, Ph.D. Thesis, M.I.T., 1941
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In the jth oscillator the fields are:
E .j n r" J, (Mr) N,()YrJ) - N, (Ur> J, (aY0 e ,
-iw
5zj aej [J* ( y) I, Nr - , () , (r 2)]e )
cW =C X
where a is an arbitrary constant, n an integer, N the number of
oscillators. The phase factor e jIr is necessary in order that the fields
have the same periodicity as the oscillators. The time dependence e
will be omitted in the following. The linear combinations of Bessel and
Neumann functions used above are cylinder functions and will be designated
by C1 (k,r,r2 ) and 0 1 (k,r,r2 ) where:
C.,((K r,f) =IL ( ?)~(arJ - NV () Jm (r.)(
The fields may now be rewritten as:
E ea C, (,r,r)J
Fej d1I- 3) r
z) 3>
In the central cavity, Region I, the appropriate solutions are
standing waves. However traveling wave solutions may equally well be used,
as the standing wave can always be obtained from the superposition of
waves traveling in opposite directions. The fields to be used are:
E ~ ~ =P-T2'-b,
-Z b nte (Jot
- 7 b~e'~ J L~
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There is also an Er component which is neglected.
The coefficients bm are determined by the conditions on E
at the boundary between the two regions. There are, at r = r ,
E e (r = E,3 (j) 3 - < e jr+c.
where 24 is the angular width of an oscillator cavity. The Fourier
coefficients b turn out as follows:
m
______ = -(IiPft ( I
55I "'V ~ -5))=O
The geometric series in Eq. (1-5) vanishes except when n- m=z t ,Ao,,2,--
when it is equal to N. The coefficients thus become
b6 =K - a N, (ly M, C , e,) , m =n /N
I(I -6)
O othe w;se.
The average value of the magnetic field in I, averaged over the
slot width of the jth oscillator cavity is:
Lr= b
Oli') IT
JS r(r) /
Equating this to the magnetic field in the oscillator cavity
following equation for the resonant frequencies:
f n, ( r, ) in Y4
No (0, ', ( "-*-
rA -, ,2 ----
yields the
(I-'8)
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The left hand side of the equation is periodic -in n with a period of
N/2. Thus the terms for n = n1 are the same as those for n = n1 + N/2.
Since n must be integral, the number of modes is limited to N/2 (or
if N is odd).2
Actual magnetrons differ in several points from the idealized
type considered here. The vanes are not wedges, but are rectangular
plates as shown in Fig. 2. The oscillator cavities may still be considered
as very good approximations to sectors of a circle, but the center of the
circle is now at 0' instead of 0. Then r1 and r2 in the oscillator fields
are to be replaced by
/ _ d
Y2  tant
where 2d is the width of a vane. Eq. '(I-8) becomes
r
If the cathode is included in the calculation, the fields in
Region I become so modified that the tangential electric field vanishes
over the cathode surface. The fields are then:
-I, 0 (fr)Yr~(i 3
(I- eo)BJ-rh(fir) kt(R 3 ) ri r,,'(r)
Jr (e r) L'4' NIr3 ) - l',(MNr ) Jm(Il r3)
(nr,){ (NY,) - o V'(.Kr, ) J-X L r,,)
where r3 is the radius of the cathode. The resonant frequencies are then
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roots of the following equation:
'When m is large, .Tm'(kr) is small except near the vanes and the introduc-
tion of the cathode will disturb the fields only slightly, and the resonant
frequencies still less. Except for the lower modes the cathode has little
effect, and therefore may be neglected in most cases.
For purposes of computation two functions f and G are defined by
C, (,r,' ) /
and
si m )2
The function f can be considered as a function of x = k(r.' - r =2 )=(r 2 - r
for different values of a parameter y = r2'/r1 '. For the range of x
encountered in most magnetrons f is very nearly a linear function,
fz a li (Y2 ~ r) + 6(: )
Appendix I gives tables of a and b for various values of y. G considered
as a function of kr1 depends on the parameters N, n, and 05, and for n greater
than 1 or 2 is quite accurately represented by a linear function
GM =. o . 4r + (3, (1-15)
for the ranges involved. When n is 1 or 2, the representation is not
accurate, but may be used to give rough estimates. Tables of an and 0 are
presented in Appendix I.
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The resonant frequency is given by the root of
f =G
or in a convenient closed form:
- ( (I-' )b~* - n~~- 2
The resonant wave lengths of three magnetrons have been calcu-
lated, neglecting the cathode, and are shown in Table I. For the first
magnetron, which has a large cathode, the -wave lengths have also been
calculated including the cathode, using Eq. (I-11). The experimentally
measured wave length, obtained from various sources, are also given in
the table. Where two values are given for a mode, it indicates the mode
was split into a doublet due to the loops and probes inserted in the
magnetron. It is seen that the effect of the cathode in the first tube
is negligible for the n = 4 and higher modes. The cathode must have an
even smaller effect in the other tubes. In almost all cases the experi-
mental wave length is lower than the theoretical value. For the second
tube, the Westinghouse VA-1, part of this may be due to strap grooves
near the extremity of the vanes. However the larger part of difference
is the result of assuming the magnetron to be so long that the presence
of the end zones may be neglected.
In the next section the effect of the finite length and end zones
will be discussed.
SECRET
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Table I
Resonant Modes of Three Vane Magnetrons
1. Model of the Columbia University Radiation Laboratory M-4 magnetron.
Scale factor = 7.55
ri = 1.728 cm. r2 - 3.26 cm. r3 = .957 cm.
Anode length 4.18 cm. # = .100 N = 14
X(Eq. (I-ll))
10.62 cm.
9.68
9.31
9.17
8.96
8.90
11.20
9.84
9.32
9.17
8.96
8.90
cm.
X(exp.)
10.986 cm.
9.618
9.096, 9.140
8.904
8.768
8.684
% diff.
-1.8%
-2.2%
-3.0%
-2.3%
-2.5%
2. Model of the Westinghouse VA-1 magnetron. Scale factor - 3.43
r = 1.73 cm. r2 -3.45 cm. r3 = .550 cm.
Anode length = 3.36 cm. .0986 N = 18
X(Eq. 1-8')
11.92 cm.
10.80
10.38
10.05
9.96
9.84
9.78
9.75
X(exp.)
12.122 cm.
10.670
10.146, 10.115
9.857, 9.793
9.660, 9.633
9.557
9.480
9.457
SECRET.
U )(Eq.(I-8'))
2
3
4
5
6
7
% diff.
+1.7%
-1.3%
-2.4%
-3.3%
-3.0%
-3.1%
-3.1%
SECRET
8
Table I (continued)
3. Magnetron described by Okress and Wang, P. 11, Radar Memo B-1,
Westinghouse Research Laboratories.
r = .68 cm. r2 w 1.950 cm.
Anode length = .64 cm. # = .159
r3 = .24 cm.
N = 8
X(q. 1-8')
10.21
8.88
8.50
8.40
Operating Wave Length
8.05 cm.
SECRET
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II. The Effect of End Zones
This section presents the results of several attempts to take
into account the finite length of the oscillators and the cavities at
the ends.
To simplify the problem the circular magnetron is developed into
a linear one, details of which are shown in Fig. 3. The linear magnetron
may be continued indefinitely in the y-direction, in which case it will
act as a waveguide with a band of propagated wave lengths. On the other
hand, it may be converted into a cavity by means of end plates in the
xz plane. Such a linear magnetron will resonate only at a discrete set
of frequencies determined by the requirement that the distance between the
end plates be an integral number of half wave lengths in the y-direction.
The modes will be labeled in accordance with the notation used for rec-
tangular resonators. They will be designated by three indicesy, m, n
giving the number of anti-nodes of the field in the x, y, and z directions
respectively when the end cavities are reduced to zero. In all the following
cases I = 0. Magnetrons operate in one of the (O,m,l) modes. The (O,m,2)
modes are characterized by a node in the z = 0 plane, and are generally
of much higher frequency. They have been detected by Slater(2) and Tonks
and Crawford . The (0,m,3); (0, m, 4) etc., modes have still higher
frequencies.
The cavity may be considered as a special case of the linear
magnetron used as a wave guide, for the effect of the end plates can be
T. C. Slater, Radiation Laboratory Report 43-9.
L. Tonks and S. N. Crawford, General Electric Research Laboratories,
report dated 7/15/42.
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reproduced by an infinite set of images. The only distinction between
the two is that the wave length in the y-direction in the cavity is
limited to certain values.
The space will be divided into four regions as shown in Fig. 3a.
Regions III and IV constitute the end cavity or zone, Region II the oscil-
lator cavity, and Region I corresponds to the cavity between the cathode
and anode. The fields in IV must be small and will not be considered
explicitly. The method will be to set up appropriate solutions for the
fields in Regions I, II, and III and then connect or join them one to
another.
The appropriate solutions in Region I are traveling waves
propagated in the +y and -y directions. Since the wave number in the
y-direction, k , is always larger than the wave number, k, in empty space,
the wave number in the x-direction must be imaginary. The relevant compo-
nents of the fields in I are
B a, e e"4 cosh xr X Cos M
+00
E~ ~ QiW 1 5ih 'C0c5I (E )
-00 X
-00
with the condition
2. 2 2 2(f.)
and where k2-k Z has been designated by k ,s. The fields are transverse
z(4)
electric in the z-direction, i. e., EZ = 0. It has been shown 
by Slater (4
-- - --------------------------------------------
(4).T. C. Slater, Radiation Laboratory Report V5S P.22-30
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that the periodicity of the fields in the oscillator cavities requires
the following relation between k and k
ym yo
/ti 'lo + M-r -- 12,rn 3 ------ (IT - 3)
Y
where Y is the distance between oscillators. From this Slater has also
shown that as the maximum value of k is s/Y, and the corresponding
maximum wave length in the y-direction is 2Y. If the linear magnetron
is used as a waveguide k may take any value between 0 and x/Y. If
used as a cavity the possible values of k are , m -- ,2, . . . N;
where N is the number of oscillators contained in the length of the
cavity. The fields of Eq. (II-1) are suitable for that type of mode in
which the index n is odd. If the index n is even cos k z is replaced by
sin kz, and sin k z by -cos k z.
Some of the components in the jth slot are:
: b e io Cos JY (X-Y-L) cos MzBH.
S be Cos + (') Cosm (-L) cos,.
+ e cos '" i'*)cos , x -.X -L) cosh ITd ;r coS zn
(11-i
t- R be * (co - ( -) cosh N' (X-L) Cos R,
CO ) S ty '( X -X- L) cosh R
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where
Y
and
- M =
The first term in each field corresponds to the principal
mode; the second term contains the higher modes generated at the edges
of the slot at x = X, which decay exponentially in the interior of the
oscillator cavity. The third term likewise contains higher modes, due
here to the edges at the top of the slot at z = z,.
The fields in I and II are connected by making some reasonable
assumption as to the form of E across the slot at x = K. The coefficients
y
am, bm, and dm, which are essentially coefficients of a Fourier expansion,
are then determined. The higher modes generated at the top edges are
almost zero except for z close to + zl, and may therefore be neglected
in performing this joining. Since the fields in I and II then depend
in the same way on z, this z dependence will drop out. The joining is
completed by requiring that the tangential magnetic field, averaged in
some fashion, be continuous across the slot in the x = X plane. This
requirement results in an equation connecting the wave numbers in the
two regions. Examination of the fields shows that this relation may be
written explicitly in terms of k and k I alone. That is, it will have
the form
f (X) 1 ) o0 (1- 6)
Hence given k (and for a cavity that is equivalent to specifying the m
yo
SECRET
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index) then k * is determined independently of the variation in the
z-direction. The resonant frequency can then be found from
If the magnetron is of indefinite extent in the z-direction then k Z-O
and k=k x. Another limiting case occurs when Z=O, i. e., no end zones.
The frequency is then given by
Y1 X )_ ' , + (LITr- 7)
where n is the third index of the mode, and 2z the height of the
oscillator cavities.
The particular expression to be used in Eq. (11-6) depends
on the assumed form of the electric field across the slot. If the edge
effects are completely neglected, and hence E is constant across the
y
slot, then Slater(5) has found that the relation is:
- _ _ _ _ _ ( Eri~ = 7 - )
-x xx ray k ?IXYM K yd/a
The edge effects may be included to a high degree of approxi-
mation if one assumes the field which is calculated from the solution of
the electrostatic problem. In treating the problem of a T-joint in a
wave guide Frank and Chu(6) have suggested a field closely approximating
the electrostatic solution which is of the following form:
AC - 05 Z C Cos
The coefficients am, bm of Eqs. (II-1) and (11-4) are determined in terms
of A and C. The average of the tangential magnetic field may then be
calculated in each region, and must join on at x=X. Similarly the averages
-- - -----------------------------------------
T5)J. C. Slater, Radiation Laboratory Report V5S P. 28
(6)N. H. Frank and L. J. Chu, Radiation Laboratory Report 43-6
SECRET
SECRET
14
with respect to the first Fourier component, sin , must be equal at
x - X. These two conditions result in two linear homogeneous equations
for A and C. Eq. (11-6) is then given by the requirement that these
equations have a non-vanishing solution.
The coefficients a must be such that E satisfies the boundary
m y
conditions on the walls and at the slots. These are
x ,, C sn x ~=0 - Y_$
d'~ dd
If both sides are multiplied by eikyn and integrated between (j
and (j + !)Y, the equation becomes:
iw~xa
**z
t - )Y
-1)
e itr
S in h K,(VI.
A +C
I-
Cf 1 di
or 40 _______
for In a(f )
These integrals may be evaluated by changing the variable to 9 arc sin
ISECRET
+-2
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and using the expansion of e P sin 9 in Bessel functions .
expression is
1 2
Nw? rd
The final
(L- 12)
The expansion coefficients, bm, in II are found similarly:
-W 6.d sin |L
)
or
b0  N x' Aba 2 jUw 5ntllL
Y" (/
d ,, s~in'rL
4,
A ~C) C0s Y'
2 i - ( V)
Here two cases must be distinguished. If m is odd,
T' C2 A  )d
w / sinhk ,'
and if m is even,
bw
J S) Cos rh Yz.
sin XL
With these coefficients the z-component of the magnetic field in Region I is:
O X ) '- - ri 2 C XCaski Cosh IT, y
y 2 ;E Swh M- X'
The average of this component across the jth slot is then
+W.2 tQ1 )~ L
(]I1-1!5)
TJ. A. Stratton, "Electromagnetic Theory," McGraw Hill, New York, P. 372
SECRET
and
bm - ^y'
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(11 -13)
M odd
(] - m)
SCeve-
Slpx
jo ri "-j/ - i C J, V% cj/;z
sinh h X h
I
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and the similar average, weighted by the Fourier component, sin ,
is given by
Sh3 l T rd
or
2a1 (i-IL )
tan X
These are to be set equal to the corresponding averages of the field
in II, which are in fact just the first two terms of the field, and there
results:
d
Y
t~ 00
sinA I1 * A
t ax L
cJ.( X)
h,'xta-N, L-0-
Imposing the condition that these two equations have non-vanishing
solutions yields the desired relation between k and k ':
8
where
to" nY /L
tav1h hxY
)X, -t L
K%* tanh J- I
-0
JO J/ ,H)
SECRET
(.-17)
(TT - I)
- I
s; x 4 1,
A J te - i C J,(hi d)
tan ?Tx,3
t /.2 I Xkx j Oj Y A I (Ki hid M _ C05 k4B (T) = -:1 --x Y
hekcashed
L" -lhe C)4 C0
N j
Y
Y
S-~ U
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and
d li , aw a K . - l d/2 csN..d2& =4 J/) 2  + U)
Y i, ta id 'T. 2)2r-8,4
For k large the cross terms S and 6 are small, vanishing identically
when k = Hence the roots of Eq. (11-18) are practically the roots
of u - 0, which differs from Eq. (11-8), derived by Slater, only in having
sin k d/2 sin kM d/2
replaced by I (k d/2) d/2 . This difference does
not appreciably affect the first few terms of the series.
Table II compares the values of k', for several different values
of ky , as obtained first from Fq. (11-8) and secondly from Eq. (11-18).
Table II
k, L = 1.753 cm., I = 1.905 cm., Y - .953 cm., - .5yo lOY
m k '(Eq. 11-8) k '(Eq. II-8) % diff. C/A
1 .2673 cm - .2690 cm.-l +.64 1.21
5 .7320 .7392 +.98 .21
8 .7736 .7810 +.96 .062
10 .7792 .7868 +.98 .000
The difference is at all times less than 1%. For small k the differenceyo
arises chiefly from the cross terms 0 and b4, while for large k it isyo
due to the change in a. This is also shown by the last column in Table II
which gives the relative strength of the antisymmetric portion of the
field.
SECRET
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There is some experimental evidence, to be presented later
that the method used here "over corrects" for edge effects and that the
true value lies somewhere between the solutions of Eq. (11-8) and of
(11-18). This is to be expected since the assumed field has an infinity
of the 1/2 order at the slot edge, which is stronger than the infinity
of 1/3 order of the more correct electrostatic field.
The problem of the effect of the end zones has now been reduced
to finding k Z, which is to be determined by the fields in III and the
manner in which they are joined on to the fields in other regions. Several
ways have been tried.
Method A The simplest method is to proceed in the same manner
as was done for Regions I and II. Set up solutions in III similar to
those in I; i.e., waves traveling in the y-direction, and decaying
almost exponentially in the z-direction. Choosing the same tangential
electric field at the top slot, the Fourier coefficients are fixed, and
kz is found by matching the tangential magnetic field.
The fields in III are chosen transverse electric to the
x-direction. The components which are needed are:
cCSi ( ) cosh L ( ft 2) (1- 1)
E e e sin N x--L) sink , ( g)
where
It is evident that the wave numbers in the y-direction must be the same
as those in Region I in order that the fields have the same periodicity
SECRET
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as the fields in the oscillator cavities. The fields in Region II are
the same as in Eq. (11-4), except that now the higher modes set up near
the edges at x = X may be neglected since they do not penetrate appreciably
into the oscillator cavity.
= boe Sin li (X- ~ - s I
+ d c s () ' s in ' - - L ) s inl I .,',,)
(17-20)
Ej = b e- ' sin ; x-X- L) cob J.
____ 1t0jY
+d,. CosY" l t s'n ) e- )'
We assune that the field across the slot at z + z, is
I-
3 Zi - L)
The Fourier coefficients are then:
C - - >j,(J )-
'n~Rp 
-~ 2 YTa i 
z;',sn
where Z = - z2, the height of the end zone,
b K A
.2 ;w Cos >(H.0
b = -. -rr CJ
and so on. We now find the average of the tangential magnetic field,
B , in III and set it equal, at the slot, to the corresponding average
in II:
)1.
t~h ~ z
SECRET
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Similarly, joining the averages with respect to sin - we have:
d
+00
Jo J J2 ceos c
Y 0 t~a ; Z )' ,02
The condition that these equations have a non-vanishing solution is:
20 d(IT-22)
nx-. Zr 6
where now
d = _cl_, cotY a eZ
This is valid if the third index of the mode,
n is even, cot kz is replaced by - tan k zz
tanhik' zlz
adcohk zb
2
Cos rW'2 M.1
n, is an odd integer. If
and coth k' z z1 by
Again the cross-terms 0 and r are very small, so that the
vanishing of the determinant depends on either a or S changing sign. But
6 is always positive, and a does not change sign providing k z1 4 .
This means that for the (0,m,1) type of mode the only solution is kz - 0,
which corresponds to zero end effect, no matter how small the end zone.
Such a prediction is obviously at variance with the facts. For the
(O,m,2) and (0,m,5) modes solutions of Eq. (II-22), other than kZ 0, exist.
The calculated resonant wave length, X = 2x/ k , 2 + k z , for a 10 slot
linear magnetron is plotted in Figs. 4 and 5 as function of the size of
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the end zone, Z, for several values of m. Also shown are the results
of experiments on such a linear magnetron, to be discussed in the next sec-
tion. The predicted values do not agree qualitatively with experiment,
since the measured wave length decreases as Z-9'0 whereas Eq. (11-22)
predicts increasing wave length. For large Z there is surprisingly good
quantitative agreement for the (0,5,2) and the (0,7,2) modes. This
agreement must be considered accidental, for it is at such values of kz
that tan kzz is almost infinite. In general the method outlined does
not yield a satisfactory solution of the problem.
Method B The second method tried is essentially a variant of
method A and will not be discussed in detail. It considers the problem
as one of a wave guide with a periodic array of T-Joints. The fields in
the oscillator cavities are the same as those previously used except that
the antisymmetrical component is neglected. In the end zone 'partial'
fields, corresponding to each slot, are set up such that the tangential
electric field of each partial field matches the field in the slot and
vanishes everywhere else in the z = z plane. At large distances from
its slot each partial tangential magnetic field has the form of a
traveling wave corresponding to a (T.E.)1,0 mode propagated in the end
zone. In addition there are higher modes generated at the edges of the
slot which decay rapidly away from the slot. The total magnetic field
is the sum of these partial fields and the average of this total field
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is matched to the field in Region II. The final equation determining
kc is:
z
0 = K~ t_._(_____)co
tah N 2f Z
1 Z a7 (R-
flirY
where I is the zeroth order modified Bessel function. This equation has
no root less than x/2z1 except kz = 0, as with the previous method. Table III
compares the results of this equation for the (0,10,2) mode with the
results of Method A. Considering the difference in the manner of setting
Table III
(0, 10, 2) mode. Dimensions as in Table II
kz (Eq. 11-22)
.244 cm.
.307
.359
.403
.421
up the fields, the close agreement is surprising. This
nothing new.
kz (Eq. 11-23)
.245
.306
.359
.403
.417
method thus yields
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Method C In the previous methods the fields in the end zone
are connected with those in I only indirectly, through the oscillator
cavities. Yet the end zones and Region I really form a continuous region.
Region III can be considered as a part of I that has been bent at 90.
The error of the previous methods must lie in the omission of a factor
insuring the continuity of these regions.
The simplest way of directly connecting Regions I and II is
to require the continuity of the tangential magnetic field, B , at the
junction of the two regions, namely, at the edge of the vanes defined by
Z = z and x - X. This condition has some simple pbysical interpretations.
It states that the electric potential of the edge is the same whether
approached from Region III or Region I. Equivalently, it requires that
the currents along the face of the vanes in the z-direction join on
smoothly to the currents in the x-direction along the top of the vanes.
It is easy to see that this condition results in a qualitatively correct
answer. If the tangential electric field E is properly matched between
y
II and III, it can be shown simply from Maxwell's equations that the
ve1rtical component of B is also matched. It then follows from div B = 0
that the flux of Bz at the boundary between II and III is equal to the
flux of B in III, minus the small amount of flux of B 'leaking' from
y x
III into IV. Since the ratio of B to B is very small when k is small,
k 2  y
approximately k z , this leakage flux is negligible. Hence the flux
yo x
of B in the oscillator cavities is 'converted' almost entirely into
z
flux of B in III. As Z decreases, the same amount of flux is crowdedy
into a smaller area, and therefore B must increase. Since B in Iy y
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varies as sin k zz, that requires kz to increase as Z becomes smaller.
This is in rough agreement with experiment.
The calculation of kz according to this procedure will be
carried out omitting edge effects, i. e., the fields in the oscillator
cavities will be assumed constant across the width of the slot. The
field components that are needed are;
in Region I:
a e Coco
in the jth oscillator cavity:
BU =k? b~e cak x- L)cs
and in Region III:
Z. Ccosh -gal< cas (-l
The expansion coefficients am and cm are determined as before by matching
+1v~ i .JT M;K .
the tangential component of the electric field, E , to the field in the
oscillator cavities. The details of this calculation are similar to those
in the previous matching between I and II and only the results need
LSECRET
be given::
With these
a, )_ 2
Y nO1 T
SECRET
s in T)' L
Sik'XK
C o= - -b cos z,Y * , sink I." Z
coefficients B in Region I at
y
25}R (f-2 7)
the edge z = z1, x = X becomes:
9 too ,m Y s;I)X'L ( IT-/ 2 )d/ 2sin -eJ 2 I eSi
K , /2l
Since the matching cannot be done exactly, we match the average of B
y
across the width of a vane. From Eq. (11-28) this average in Region I is
I Y/2 N (,,X) J
YCo itm-C , 
. IK X
sinox- -
teh h k.XV
si" (m - 29)
)SI, 0/2
where D = Y - d, the width of a vane. Similarly, in Region III B at
the edge is
t0
b0 X Co's , Cos xL
and the corresponding average is
-
. w _ m N X f , , , ( + )Y I M i eos Jk 'LB = ->9 - . - e e
-0_, Y X z, tanh N,,X
sin e try
sin Xm
Ny D/2
siktjdh
d124
The transcendental equation for k is found by equating these two averages:
zM
K ' h'mtank h,,a
;. t Z
I4V, 11/2
sin lw z
fl f 4 -
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If Z and the mode index m are large, so that k -~ k"zo~ km
and the hyperbolic tangents are practically 1, then the two series are
almost identical and Eq. (11-30) reduces to
S taii , = X (1-Z tan T,'L 
.
Another simple expression can be obtained if k is small, since then
k is approximately -k and kM is almost equal to k *-m In each
series the mth term therefore cancels the -mth term, leaving only the
zeroth term. 'When k is smallyo
!g ~ ~ ~ a 2 1 0'/2D
and the relation between k and k ', Eq. (11-8), can then be written as:
j o x)
Y fi| tan i,' L
With these simplifications Eq. (11-30) becomes
W~,erc trZ/r2
The calculated wave lengths of some (Om,1) modes in a 10 slot linear
magnetron are plotted in Fig. 6 as a function of end zone height Z. They
are computed from Eqs. (11-18) and 11-30). Also plotted are the experi-
mentally measured wave lengths. Fig. 7 is a similar plot for (0,m,2) modes.
The agreement is qualitatively correct since the calculated wave lengths
decrease with decreasing Z, but the calculated values are always too small.
When the mode index m is small, the wave lengths disagree by about 4%.
Since the measured end effect is only 8% at large Z for these modes, the
relative error is quite large.
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Due to the uncertainty in the 'fringing' corrections the
magnitude of the end effect for higher modes is ambiguous. The measured
wave lengths even appear to be a trifle higher than those calculated
neglecting end effects. At most the end effect for these modes is about
1%. However Eq. (11-30) predicts an effect of more than 3%,
This large discrepancy is not surprising since the calculation
completely neglects the higher modes generated near the edges. If we
attempt to introduce these higher modes through the field given in
sin k d/2
Eq. (11-9), the chief change is to replace k 2 by T 0(k d/2),
ym
which has a negligible effect. But it is evident that this in not a
consistent method of taking the higher modes into account. This field
corrects only for the effect of the edges at z = zl, and at x = X. However
the higher modes generated near the edge of the vane at the junction of
Regions I and III must have a much larger effect. It is believed that
these higher modes arise in the following manner. Eq. (11-6) gives k x
as a function of k Y . Heretofore only the lowest root of this equation
has been used. Due to the periodicity of tan k 'L higher solutions do
exist. They have a variation in the z-direction given by
and k is therefore imaginary. These solutions thus are important only
z
near z - z and decay rapidly away from these planes.
However there seems to be no simple way of including these
higher modes in the calculations, since we have no way of assigning ampli-
tudes to each solution. The problem is complicated as these solutions are
not orthogonal in any range. The only feasible method would seem to be a
rather laborious variational procedure.
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III. Experimental Study of a Linear Magnetron
1. Description of Apparatus
In order to investigate experimentally the effects of the end
zones a 10 slot linear magnetron has been constructed, and its resonant
modes measured.
Details of the construction are shown in Figs. 8, 9, and 10,
and the important dimensions are sunmarized in Table IV.
Table IV
Dimensions of Linear Magnetron
L - 1.753 i .005 cm.
d .476 ± .003 cm.
Y .952 ± .002 cm.
X - 1.905 + .010 cm.
2z, - 3.493 ± .003 cm.
Z - 0.0 to 1.27 cm.
The slots are milled in a brass plate 1" thick fastened to a similar brass
plate. This solid base reduces distortions due to strains produced in
milling. At each side of the plate the vanes are cut away to form ledges
1/2 " wide. Bolted on to the ends of the plate are 1/2 " brass end-plates,
each containing five holes permitting the insertion of loops at various
positions. The slots at the ends of the plate are cut half width, so that
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together with their images in the end plates they constitute slots of
normal width. Fitting in notches cut at the top of each end plate are
two bars stretching from one plate to the other. These cross bars help
to anchor the brass plates which form the sides of the cavity. The side
plates carry blocks of varying thickness, as shown in detail in Fig. 8b,
which fit rather tightly between the ledge and the cross bar. The spaces
between the vanes and the blocks constitute the end zones. The size of
the end zone can be changed by varying x, the thickness of the blocks.
The positions of these blocks and of the end zones are clearly shown in
Fig. 9. It was thus possible to vary Z in eight steps from .013 cm. to
1.27 cm. A slotted cover plate completes the cavity. Two plates were
used, one with a slot in the middle, the other with the slot displaced
1" from the center. The standing wave pattern of the fields in
cavity was measured by a probe inserted in the slot. The completely
assembled linear magnetron (including the probe holder, or carriage, and
tunable probe) is shown in Fig. 10.
The experimental arrangement for the measurement of the resonant
wave lengths is shown schematically in Fig. 11. In the region from 6.5 cm.
to 9.7 cm, a Western Electric 1332 CT (Samuel tube) was used, while the
region from 8.7 to 13.0 cm. was covered by a Western Electric 707 A
(McNally tube). Various types of probes were tried. The standard non-
tunable wave guide probe designed for use at 10 cm. was used, with the
bolometer element replaced by a crystal. More sensitive was the tunable
10 cm. probe, kindly lent by Dr. Krutter, shown in Fig. 10. Many of the
later measurements were made with a "home made" probe with a double stub
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tuner constructed of standard Sperry fittings, which proved most sensitive
of all. Wave lengths were measured with a Radiation Laboratory Type 401
open end coaxial wavemeter, which is stated to have an absolute accuracy
of .1%. Readings could be reproduced to a much smaller error, about
.02 to .03%. The galvanometer used to measure the currents in both the
output loop and the probe was a Rubicon galvanometer,
sensitivity = 3.0 x 10~9 amp./mm. The greater sensitivity compared to the
more customary microammeter was essential for the investigation of the
higher modes, since the fields at the probe are very weak.
Several minor changes were often made in the set up shown in
Fig. 11. Thus whenever possible the wavemeter and monitor were simul-
taneously connected to the r.f. line through a reaction coupler, essen-
tially a T-joint. This arrangement, while very convenient, could not be
used often as the sensitivity was then greatly reduced.
2. Discussion of Method and Results
The technique of cold resonance measurements has been described
by Slater , Tonks and Crawford and others, and need be given only
briefly. Resonances are detected by means of an output loop, similar to
the input loop. The index m of the mode is given by the number of maxima
in the standing wave pattern measured by the probe. The (0,m,1) modes
are distinguished from the (0,m,2) modes by the difference in the method
of excitation. If the input loop is in the center, i. e., in the z - 0
plane (Fig. 3), only the (0,m,l) modes are excited, while if the loop is
---------------------------------
T. C. Slater, Radiation Laboratory Report 43-9
(8)L. Tonks and S. N. Crawford, General Electric Research Laboratories,
report dated 7/15/42
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placed off center both the (0,m,1) and (0,m,2) modes are generated.
Similarly, when measuring a (0,m,2) mode the slot for the probe, and the
output loop must be placed off-center, as shown in Fig. 10. In practice
two output loops were used, one in the middle and the other in the outer-
most hole. If the resonance could not be detected in the center loop,
it definitely belonged to a (0,m,2) mode. By these means it was often
possible to distinguish a (0,m,2) mode from a nearby (0,m,1) mode even
though the two were much closer than the width of the resonance curve.
Energy could be radiated from the slot in the top plate when
in the off-center position. This was prevented by a brass plate cut to
fit around the probe carriage and so arranged as to cover all of the slot
not covered by the probe and its holder.
Beside the slot for the probe the cavity differed from the
ideal geometry of Fig. 3 by the presence of the cross bars and loops.
The cross bars are in Region IV where the fields are very weak and hence,
as Slater 9 has shown, should affect the resonant frequencies only
slightly. In one experiment the cross bars were temporarily removed
without changing the wave length of the (0,3,1) mode by more than .05%.
The loops, each less than .02 cm.a in area, likewise had neglibible
effect. Several times the input and output loops were withdrawn until
they were practically flush with the wall. The currents decreased by
a factor of more than one hundred, but the resonant wave lengths remained
unchanged to within .002 cm. The width of the resonance curve was also
unaffected. Because the cavity and wavemeter were simultaneously connected
to the oscillator little trouble was experienced from 'pulling'.
(9),T.--.Slat4------------------------------------
(9 ) . C. Slater, Radiation Laboratory Report 43-16
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The results are presented graphically in Figs. 12 and 13, and
the actual measurements are tabulated in Appendix II. In Fig. 12 the column
of dashes marked z = co are calculated values assuming the oscillator
cavities so long that end effects may be neglected, i. e., kz = 0. The
edge effects as corrected by Eq. (11-18) are included in these values.
The points marked Z = oo were experimentally measured by removing the side
plates. They differ only slightly from the wave lengths for Z = 1.27 cm.
The (0,1,1) mode was never found as it must be above the range of the oscil-
lator. The (0,10,1) mode could not be detected and the (0,10,2) mode
was found only for Z = 1.27 cm. and Z = co . These modes were apparently
so weakly excited that they were often lost in the resonance curve of the
neighboring m = 9 mode. In the two cases in which the (0,10,2) mode was
found, its amplitude was 1/8th of the (0,9,2) mode. Modes whose index n
is greater than 2 have wave lengths in general that are outside the range
of the oscillator. However, a mode occurring at about 6.9 cm. is believed
to be the (0,2,3) mode.
As the result of an error in machining the blocks attached to
the side plates did not make contact with the ledge, i. e., with the
x - x + L plane. The gap between the two was sometimes as much as .004".
To correct the situation the blocks were silverplated to a thickness of
.006". They were then too large for the space between the crossbar and
the ledge. To insert them the crossbar was loosened slightly, until the
block could slip in, and then screwed down tightly. It was hoped in that
way to insure contact between the metal surfaces. A conducting grease,
"Lubriplate" was also used between the surfaces. The magnetron could be
taken apart and reassembled without any noticeable change in the resonant
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frequencies. However the condition of the Lubriplate film showed that
the blocks for Z = .030 cm. still did not make contact. It will be noticed
that the points for this end zone in Fig. 12 are definitely too high. For
Z about .3 cm. and larger the effect of the gap is small, the correct
wave length being at worst .6% lower for the (0,1,2) mode than when the
gap is present. As Z decreases the error increases to several per cent
for (0,m,2) modes at Z = .08 cm. In fact, elimination of the gap changed
the qualitative behaviour of the (0,m,2) modes. When the original blocks
were used, it appeared that the wave lengths increased as Z became very
small. After the blocks were silverplated, it was found that the wave
lengths actually decreased slightly, as shown in Fig. 13.
At very small values of Z the measurements became quite diffi-
cult. The patterns measured by the probe became unsymmetrical and distorted,
and slight differences between the sizes of the end zone on each side
destroyed the distinguishing symmetries of the (0,m,1) and (0,m,2) modes.
The intensity of the modes also decreased quite rapidly. At Z - .030 cm.
few modes were recognizable, while at Z = .013 cm., only the (0,2,1)
and (0,3,1) modes could be detected at all. It is unfortunate that
measurements could not be made in this region. As far as the measurements
went the wave lengths of the higher modes did not seem to change appreciably
with Z. However if the wave lengths are to reach their proper limiting
values at Z = 0, they must drop sharply at least 1 cm. for a further
change of Z of .06 cm. It is possible, therefore, that the modes cross
over somewhere in this region.
The limiting values for Z = 0 were measured as follows. With
the largest blocks in place the size of the end zone was .007". The screws
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fastening the side plates to the magnetron were loosened so that a
copper foil .010" thick could be inserted in the gap. The screws were
then tightened as much as possible. It is certain that the tops of
the vanes were in contact with the copper foil. "Lubriplate" was also
applied to all surfaces. In Table V the results for the (0,m,1) modes
are given. Also tabulated are the calculated wave lengths found from
12 Tr
The values in the third column are calculated from k * as given by
Eq. (11-8), while those in the fourth column are corrected for edge
effects as given by Eq. (111-18).
Table V
Resonant Wave Lengths for Z = 0
Mode
0,2,1
0,3,1
0,4,1
0,5,1
0,6,1
0,7,1
0,8,1
0,9,1
Exp.
9.378
8.071
7.548
7.298
7.156
7.063
7.004
6.977
Theor.(Eq. 11-8) Theor.(Fq. 11-18)
cm. 9.42 cm.
8.09
7.57
7.31
7.16
7.07
7.019
6.992
9.37
8.04
7.51
7. 26
7.12
7.03
6.97
6.95
cm.
The measured wave lengths are somewhat shorter than the theoretical values
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found from Eq. (Il-8). But they are larger than the values corrected for
edge effects, and are often closer to the cruder results. While part of
this error is probably of experimental origin, due to imperfect contacts,
etc., some of it may be evidence of the 'over correction' mentioned
previously. In either case the difference between experiment and theory
is never greater than .5%.
3. Measurement of Q.
Because of the many imperfect contacts present the linear
magnetron described here is particularly unsuited for measurements of
dissipation in the walls. However some rough measurements of the unloaded
Q were made in the following manner. The wave lengths , 12. were found
for which the galvanometer deflection was just one half of the maximum
deflection at the peak of the resonance. The Q is then given by
A 0
where is the resonant wave length. As was mentioned before the loading
0
by the loops was negligible. Hence these values of Q should be a measure
only of the dissipation in the walls. The method used assumes the resonance
to be so narrow that the oscillator output is constant between X and ,
and that the frequency sensitivity of the cables and crystal may be neglected
in that band. It also assumes that the oscillator wave length and output
remain unchanged during the time required for a measurement, which was not
always the case. Further it is supposed that the crystal is a perfect
square law detector, which is not true for crystal currents greater than
a few microamperes. In addition - was often not much greater than
the error in setting of the wavemeter. Because of these many sources of
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inaccuracies the measurements must be considered as only giving the order
of magnitude. For large Z the Q values for all modes were scattered
between 700 and 1000, the most careful measurements giving a Q of 800 for
the (0,7,1) and (0,9,1) modes. The lower modes seemed to have a slightly
lower Q. This might be due to radiation from the slot, especially in the
(0,m,2) modes, despite the precautions taken. At smaller Z the Q was
much less, about 300. This behavior is to be expected as the large mag-
netic fields in the end zone would increase the dissipation, especially
if the contact between the block and the ledge is not good.
Some rough calculations of the unloaded Q have been made and
are presented in Appendix III. The computation was made with the following
approximations: (1) The energy stored in Regions I and IV and the
dissipation in their walls was neglected. (2) In the oscillator cavities
it was assumed that there was no variation of the field with z, i.e.,
kZ = 0. (3) The energy of the field in the end zones was neglected, and
it was assumed that dissipation in the side walls of the end zones was
negligible. The final result is
,_ Ld Li + .3)
si n L 2 s i , 21L j,2NP L 2 2K' L ,yd
where j is the skin depth andA m is the Kronecker symbol. For Z = 1.27 em.
the calculated Q values, for brass walls, ranged from 1410 for the (0,2,1)
mode to 1670 for the (0,9,1) mode. There is thus a factor of two between
theory and experiment. Considering the roughness of the surface, the uncer-
tainty as to its actual conductivity, and the many doubtful contacts, the
agreement is quite good.
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IV. The Corrugated Wave Guide
When the linear magnetron is used as a wave guide, it has the
property that the guide wave length, 1., is less than the wave length
of the (T.E.)l 0 mode in a rectangular wave guide of equal width. By
a suitable choice of dimensions it is even possible to reduce 1. below
yo
the free space wave length, X.- This property has several applications
in the design of antennas consisting of linear arrays. When used in
this manner the linear magnetron has been called a "corrugated wave guide".
This section discusses the properties of corrugated wave guides, especially
attenuation. The limiting case in which the end zones have vanished will
be treated first in considerable detail, as the theory there can be
developed more accurately than for the general case.
1. Without end zones
The relation between X and the free space wave length canyo
easily be found from the work described in Section II. Either Eq. (11-8)
or Eq. (11-18) may be used to determine k * in terms of k 2X andXyo Xy ,n
yo
X is then given by Eq. (III-1). In Fig. 14 . calculated using Eq. (11-8)yo
is plotted against X for a corrugated wave guide of typical dimensions.
The ordianary cut-off of the wave guide occurs at 4.58 cm., and there is
another cut-off arising from the resonance of the slots at 2.10 cm. The
wave guide thus acts as a band-pass filter. Also shown are several measured
values of X which are about 5% larger than the calculated values.yo
The difference is apparently the result of improper soldering in the con-
struction of the wave guide so that the actual width 2z is less than the
Tl'o~)~ -Experiments of Dr. H. Krutter, described in Radiation Laboratory Report 54-16
SECRET
18
16
14
(cm)
Ic
5tLL I M. 1. T. RAV1AT;ON LAB. DWG. NO. X 2 /
__ 
_ 
_ 
Fig. 14
Plot of A . vs X
0 =Experimental Pcnts
Dimensions of Corrugoted
Wave Gaide
L a .484 Y -=.31s8cm
d/ .54 Z ao
Y
2a z,2.26 Cm
2
I
Minimum Propagated
Wave Length Cut-off cf
Wove Gu'de
2
2.4 2. 3.2(
Xk (cm)'Jo SECRET 4.56
I
I
A
I
3.6 4.0 4.4
- -
SE-CRET
38
apparent value.
The attenuation due to joulean losses in the metal walls is
calculated by considering the finite conductivity to be a small perturbation
on the fields found for ideal walls. This method is discussed in detail
by Slater( . In addition to the assumptions made there it will be
assumed that the length of the guide is large compared to Y, the distance
between slots. The attenuation of the fields is
1
2
Power flowing into the metal walls per unit length
Power propagated down the guide
Those components of' the fields in Region I that are needed
+W
-0T a, oh 05N
are:
(TV - 1)
where kz= x/2z1 . In the oscillator cavities the fields generated near
the edges of the slot will be neglected. The field components in the jth
slot then are:
Lj =be 
'
E = 11 be e''TO* co CC ' (x- Q L cos N2
Slater, "Microwave Transmission," McGraw Hill, New York,
P. 138
SECRET
.T. C.
1942,
SECRET
39
The time average of the power propagated down the guide is given by
rf f d (LV 3)$3
where 4 is the complex Poynting vector E xH*. In terms of the fields
given above s is:
z 2 Co's X ao's,
4, (1V W
The y dependence of s arises from the approximate nature of the matching
between Regions I and II. Since Bz is matched only in the average, there
exists a component of the Poynting vector in the x-direction corresponding
to energy flow into the slot. Averaged over the slot width this component
vanishes, and there is no net change in s in going from one slot to the
next. To eliminate the y dependence we can therefore average a over the
distance between slots. The value of Eq. (IV-3) is then
This may be simplified for several cases of interest. When k is muchyo
less than :%/Y the only appreciable term in Eq. (IV-5) is for m = 0. Retain-
ing this term only, and using the value of am given by Eq. (11-27) and the
approximate relation between k and k ', Eq. (Il-') P. 26, Eq. (IV-5) thenyo x
reduces to
a Co sh 2
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When k is almost x/Y the waves reflected from the slots become important,
and for k M x/Y they are equal to the incident waves, so that there is
yo
no net transmission of power. Hence for k 2 x/Y both the m - 0 andyo
m = -1 terms in Eq. (IV-5) must be retained. They can be considerably
simplified by using the following approximations. If 5 x/Y -
thenk 1 0Z- / -6 ,-1 - - - , k +. Further, k is almost-
equal to A and therefore sin k 'L may be replaced by 1. Since is usually
dL I Y
small, sin kyo i can be set equal to 1 too. The two terms then become:
k d/2
yo
S 60. (4) LIU S (17-7)
The average rate of energy flow into the metal walls is given by
5 f ? A 0 A0*
where the integrals are to be evaluated over the surface of the metal, and
where B is the tangential component of the magnetic field. The conduc-
tivity of the metal is designated by ~ . It is convenient to separate the
attenuation a in two parts a,1 , due to dissipation in the walls of the
slots, and a, due to dissipation in the walls of Region I. Considering
a,, first, the rate of energy loss in the slot walls, per slot, is:
g1 (U) 2I1 '
The first term in the parenthesis represents losses in the planes y' = d
the second term, losses in the plane x - X + L, and the third term, those
in the planes z = 1z. Using the relation w/, == the attenuation
SECRET
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can be written as follows for k << X/T
o0 = f d + L ((ismin*"2
coN'LL s )2 sink 2  ioXJ Mi- /0)
where l=(1 + d) , kz - ,and N is the number of slots per
unit length. When k is almost equal to J,9 may be written differently:
e GO +L +0q + si;, 2 tN't ,_L
When k - x is small the magnetic field in the slots is very
large compared to the magnetic field in Region I, and "I can then be
neglected in comparison to a. However, when k is small, this is no
longer true; in fact, m, becomes infinite at the cut-off k - 0. There-yo
fore aL will be calculated only for small k . Using only the first term
in the series for the fields the average rate of energy flow per slot into
the planes z =1, in Region I is:
The similar quantity arising from dissipation in the wall at x 0 is
S2 Y_ FC z (1-3)
and the dissipation in the face of each vane at x X is given by:
SECRE k0
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Combining Fqa. (IV-12), (IV-13), and (IV-14) to give the total dissipation
in I, and using only the first term of Si, Eq. (IV-5), a, becomes:
0 1~~ ~ ~ ~ =f J-2kr In
The attenuation of the energy flow in the guide is often of
greater interest than the field attenuation. Expressed in db per meter
this attenuation is given by
6L: (.F m .
For the dimensions specified in Fig. 14 al has been calculated
throughout the entire range of k , using appropriate foims of aII and
a.1, and is plotted in Fig. 15 as a function of free space wave length X.
The attenuation goes to infinity at the guide cut-off, and passes through
a flat minimum at about I2= 3.60 cm. As 1, decreases still further, the
attenuation increases, becoming infinite again at k = . The attenuationyoY
at X - 3.20 cm. as measured by Dr. Krutter is 3.3 db/m, compared to the
calculated value of .8 db/m. Some of this discrepancy is no doubt due to
the approximate nature of the fields used, which is of greater importance
here than in the calculation of wave length. It cannot account for all
of the difference, since if the edges are rounded off, thus radically
changing the fields at the slot edges, there is little decrease in the
measured attenuation. Probably improper soldering is the cause of the
larger part of this difference, since slight changes in the soldering
technique in the construction were enough to increase the attenuation by
4 or 5 db/m.
2. End zones present.
If the corrugated wave guide has large end zones the guide wave length,
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x ,is much smaller, for the same input frequency, than in a similar
y0
wave guide without end zones. This type of wave guide is therefore of
greater interest practically than the simpler case. Since the calcula-
tion of the effects of the end zones presented in Section II is not
accurate, it is not profitable to develop the theory of this case in as
great detail as when the end zones are absent.
The guide wave length can be found by using the formulas of
Section II, Eqs. (11-8) and (11-32), with about the same accuracy as
for the linear magnetron cavity. In Table VI the values measured by
Dr. Krutter(12) for two corrugated wave guides are presented.
Table VI
Wave Lengths for Guides with End Zones
Z X (exp.) X (cale.)yo yo
.08 cm. 3.20 cm. 2.88 cm. 3.04 cm.
.478 cm. 3.20 cm. 2.40 cm. 2.51 cm.
The error in each case is about 5%.
The inaccuracy in the fields should have an even larger effect
on the attenuation than on the wave length. For that reason the attenuation
will be calculated only roughly, and only for the region of practical
interest, i.e., when k < s/Y. Eqs. (IV-2) and (IV-3) can still be used
yo
( 2 )Radiation Laboratory Report 54-16, Table II, Nos. 20 and 22
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. The field components in III which are
C COSh)I,,. (j - )' -
2 C~aC cash i ,,, ( ) cos lix - T -L)
cot C Cas'h I, s
where am is given in terms of b by Eq. (11-27). The effect of the end
zones is small, as has been shown in Sections II and III, and therefore
k is small. The energy flow in the y-direction in the end zones is
proportional to B E z, and since B is small this energy flow is negli-
gible compared to the power transmitted in Region I. Likewise in cal-
culating the dissipation in the slot walls Bx may be neglected since the
k
ratio B1 /Bz is F tan kzz, which is quite small. The attenuation due to
x
losses in the slots then reduces to:
0(~ N - d L (i+ si;Z L
Similarly in Region I, B
wave guide is not operated
Negw Y +D
11)
COSAI$#I ) ( I WgjtI~ 4.V )
can be neglected compared to Bz, at least if the
too near cut-off, and g becomes:
ceokIT' I~X T-17- 19
2 mi
Besides a and a there must now be included the dissipation in the walls
of the end zone. Several approximations will be used in the calculation.
'1/
SECRET
17)
a
SECRET
45
We can neglect Bz compared to B since the ratio B z/B is approximately
z y zy
tanh k" Z which is small in practice. Since k is small, k"0 may bezO Z z
replaced by k . Using the relation between c and a given in Eq. (11-29)
yo 0 0
the rate of energy loss in the walls of both end zones per slot is found
to be:
2VI 2O- j,'a siRn('z'.I sL;h". Z, 
-T - 20
j ZY (+ cosh 2ii'ja) , LY LDco4ah ,oZ
The attenuation is then: s;j2)Z)
sipthCOt 2 Z )+LY +LD COk
Eq. (IV-21) is not valid when Z is small, but roughly it states that the
attenuation increases as 1/Z 2 as Z becomes very small. This is due to
a phenomenon which has been qualitatively described previously. Even
for small Z, k is quite small so that the flux of B in the end zones
is never less than the flux of B in the slots. Hence the magnetic field,
and consequently the attenuation, becomes very large. It is for this
reason that some corrugated wave guides constructed with very narrow end
zones have been found by Dr. Krutter to have abnormally large attenuations.
The total attenuation a', combining Eqs. (IV-18), (IV-19), and
(IV-21), has been calculated for the corrugated wave guides of Table VI.
With Z = .08 cm. the calculated a' is 1.13 db/m; while the measured value
is approximately 12 db/m. For Z - .475 cm. the calculated value is
.96 db/m., measured 3.1 db/m. The large discrepancy is probably due to
the same reasons as for Case 1, especially for the guide with the narrower
end zone. However, the great inaccuracies in the fields contribute a
large share of the difference.
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V. The Corrugated Coaxial Line
Another device in which the wave length in the line is shorter
than the free space wave length is the corrugated coaxial line, shown
schematically in Fig. 16. The slots cut in the inner conductor fulfill
the same function as the slots of the corrugated wave guide. This sec-
tion presents a theoretical discussion of the wave length and attenuation
in such a line, first, when the slots are empty, and secondly when they
are filled with a dielectric.
Case 1. Slots Empty.
As in the previous section effects due to fringing of the field
at the slot edges are neglected. The field components in the jth slot
are then:
E = ae ' C-(Y3)
f8, aq e CV1 Y i rCr,)
where the y-direction is along the axis of the line. The fields in the
region outside the slots are chosen transverse magnetic to the y-direction.
ik y
The y dependence of E in that region is e , while the r dependence,
y
R(r), is given by the Bessel equation:
d v a dvY'
Since k is always larger than k, appropriate solutions of this equationymn
are modified Bessel functions I (krr) and K0 (kmr), where km pa-ka,
Instead of K (k Mr), it will be more convenient to use the functions
Ln(k Mr) e K n(k r), which obey the same recurrence relations as
SECRET
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I (k Mr). The fields in this region can then be written as:
b 4 FW (a rr) e
where may be termed modified cylinder fu
and are defined as:
/~( , , -r) = T f, y) L, (rt ny;)e -L(fir.,)T (Tja*>
F4 r, , ) =j n r, )arm r,-L r) Tj (riy,,g))
The Fourier coefficients, bm, are fixed in terms of a through the
continuity of E , and are
b 4= ao - _L,, Sa 61 P
Y F (t ,Y, Y,) :1
(Y -5)
Matching the average of the tangential magnetic field B. across the slot
gives the following transcendental equation for k as a function of k:
a ri C, K1 Y2, YO) F, (r.r, Y2, , )g" /ti - = I (V.. 6)
__ __ __ M C 4 , 2/--Y 0 1) r a C,,(,rr2 ) F (t'w ,Y,>
If the dimensions of the line are such that the arguments kr2, krmr , etc.,
are all small, the various cylinder functions may be replaced by the first
term in the expansions about the origin. Further, if k is small com-
pared to 1 then only the first term of Eq. (V-6) is important, and
sin k d/2
o7- is practically 1. Under these conditions and using the
yo
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relation k 2 ,k 2 Eq. (V-6) reduces to a simple closed form:
ro yo
-YS i+ d
+ Y(A-7)
This is to be compared with the corresponding formula for a linear
magnetron:
L 8
it Y -XY
(.T. C. Slater, Radiation Laboratory Report V5s, Eq. (Ia:45)).
When r2 is almost equal to r3, Eq. (V-7) can be further simplified to:
1/"! +d Y-3 (Y-)
By expanding C0 and C1 ,0 in a Taylor series about kr3 it can be shown that
Eq. (V-8) holds even if kr2 and kr3 are large provided that k(r2 - r 3)
is small.
Table VII (taken in part from Table I, Radiation Laboratory
Report 54-16) compares some measurements made by Professor Harvey and
Dr. Lashof, with the values predicted by Eq. (V-7). All measurements
were at 9.1 cm. except No. 1 at 10.0 cm.
Table VII
Y2( 2'r3
1 13/10 in. 1/2 in. 3/16 in. 1/8 in. 1/4 in. .73 .705
2 3/4 1/2 3/16 1/8 1/4 .693 .673
3 13/16 1/2 3/16 1/8 3/8 .785 .773
4 3/4 1/2 3/16 1/8 3/8 .760 .744
5 13/16 1/2 3/16 1/4 3/4 .75 .773
6 13/16 1/2 3/16 1/4 3/8 .68 .653
7 13/16 5/8 3/16 1/8 1/4 .55 .551
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On the whole there is good agreement between experiment and theory. (Some
later measurements by Dr. Lashof show larger differences but they are
questionable due to sagging of the inner conductor.) Fig. 17 indicates
how far the approximate Eq. (V-7) may be used. Curve I is a plot of
k vs. k calculated from Eq. (V-7) for the line denoted as No. 1 in
yO
Table VII. Curve II is a similar plot using the more rigorous Eq. (V-6).
It is seen that the two agree very closely up to k - 1.0 cm.~ , I k .75 cm.
which is just about where the approximations for the cylinder functions
break down. Above that point Curve II bends away, reaching a maximum at
k = =4.97, where k - 2.02. An experimental point at 3.2 cm. agrees
fairly well with Curve II.
In calculating the attenuation it is again convenient to divide
it into two parts, g due to dissipation in the surfaces of outer and
inner conductors, and gI due to dissipation in the slot walls. It will
be assumed that k o is small enough that only the first term in the field
expansions in Eq. (V-3) need be retained. The average rate of power flow
down the line is
2 r
or T,
P b F (R _,, ) r
The integral in Eq. (V-9) can be evaluated (13) in terms of other cylinder
functions, and S is then given by:
p
.1 )7 yY F r
ro' l f2 0 2o ~
----------------------------------------------------
(13)See G. N. Watson "Treatise on the Theory of Bessel Functions" 1ambridge,
1927, P. 135, Eq. 11, with the transformations z - ix, F(x) = e C(x)
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The average rate of energy loss in the walls of a slot is found from
where the integral is evaluated over the metal surfaces of the slot.
Using the fields given in Eq. (V-1) and evaluating the integrals as in
Eq. (V-9) II (II) turns out to be:
(g) ~ ~ q, Q2YC ( IT~ Y,)-,('(iYYa (lY2,Y )-Y,i-J)C (,
The attenuation due to dissipation in the slot is given by:
N Yj c)
where N is the number of slots per unit length. From the above equations,
and using Bq. (V-5) for b0 in terms of a0, a11 is equal to
Y , (Iy 1 Y3 ) -- _Y_(_ ) *
YXRV O I, 2,'3 _ C Cr(r -ad) X 2,
If the arguments of the functions are sufficiently small so that the
first term in the expansion about the origin is a good approximation to
the function then a reduces to the simple form:
where use has been made of the approximate formula Eq. (V-7).
The average rate of energy loss in the walls outside the slot,
per slot, is found similarly to be:
(I) 2J Ao> 6, 1 + Y,1 re, Y)W - - 2  DJ 1 SECRET
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where D is equal to Y-d. The attenuation due to losses in these sur-
faces is therefore:
N =  i (, D,, r,) 4 Y, Y F, (P?,Y I)r Or,,,Y, 
- Y o,, (Fr 2, r,) +YF0r,, 2, Y,),( 2r, )
To the same approximation as (Eq. 1-13), a can be written as
T - y
It will be noticed that if r3 is made equal to r2 , and D = Y , so that
the slots vanish, then Eq. (V-16) reduces to the customary formula for
attenuation in a coaxial line .
The total attenuation of power, expressed in db/m is thus
0( usN *da
_s rv/y 11 . \L (- 17)
For a brass line of the dimensions given in Fig. 17, a* turns out to
be .335 db/m at 9.1 cm., about .26 db/m of this coming from dissipation
in the slot walls. No quantitative measurements of the attenuation
have yet been made, but Dr. Lashof states that for the line in question
it is less than .5 db/m. The theoretical value is therefore quite
reasonable.
Case 2. Slots filled with Dielectric
If the slots are filled with a medium of dielectric constant x
Maxwell's equations may be written as
V K E -I o -0 VxB E =0
V - D =0 V.8 =0
( .4)T. C Slater "Microwave Transmission," McGraw Hill, New York, 1942, P.162
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Hence in the slots the fields are the same as those in vacuum except that
k is replaced everywhere by k' =Ji k, as follows:
a, e C'0 i Y Y,)
. 'a. e 4"c,(',5
The fields outside the slots are unchanged of course. The permeability
of the medium is the same as that of vacuum, and therefore it is still
true that E and B. must be everywhere continuous. The boundary conditions
y
on the radial component of the electric field are now different, but that
component is not included in the matching in any case. The equation for
k as a function of k is then:
yo
d C0 ,0;. r ) Fi, Crr,,r,,r,) / r ,d/
Y f>R,, C nYr,r f.o ( 1rwt, Y, r, C/124
In the approximate form of this equation, drops out and we are left
with Eq. (V-7) again. The dielectric therefore has no influence on the
wave length in the line in this approximation, which is true experimentally
in many cases.
Table VIII presents some measurements of Dr. Lashof on several
lines described in Table VII with the slots filled with polystyrene.
Other measurements however seem
Table VIII
Polystyrene-filled Slots
Yi (empty) a (polystyrene) (Eq. (IV-7))
1 .73 .698 .705
2 .693 .676 .673
6 .68 .652 .653
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to indicate a considerable decrease in the ratio X /X when k becomesyo yo
large. This is to be expected, since the approximations involved in
Eq. (IV-7) should break down at smaller k than when the slots areyo
empty. Curve III in Fig. 17 is a plot of k vs. k for polystyrene-filled
yo
slots as calculated from the more accurate Eq. (V-19). It is asymptotic
to Curve I for very small values of kI but begins to deviate from it
much sooner than the corresponding Curve II for empty slots. It will be
noticed however that the experimental point actually lies a good deal
higher than Curve III.
The expression for 'II, modified by the presence of dielectric
(assumed ideal) is given by Eq. (V-12) replacing k in the cylinder
functions by k' and multiplying the the fraction by h . The approximate
form of mLy, Eq. (V-13), and the attenuation a, remain unchanged, however.
In addition to aL and 'II there is now an attenuation III due to losses
in the volume of the dielectric. These losses may be represented by means
of a complex dielectric constant such that the wave number in the dielec-
tric is written in the form:
yVK-R = 4 (yIT41o)
It can then be shown(15) that the average rate of energy loss per unit
volume is equal to the real part of V - S* where S E X H The average
rate of dissipation per slot is then
Si ) Re fr s' d V= Ref5y JA,
For the purposes of calculating a,, the metal walls may be considered
ideal since the finite conductivity has already been taken into account
. A. Stratton, "Electromagnetic Theory," McGraw Hill, New York, 1941,
P. 137
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where is the ratio of the imaginary and real parts of the dielectric
constant and is known as the power factor. For a line of the dimensions
given in Fig. 17, and using a power factor of .0008 for polystyrene the
attenuation ' is .07 db/m in power. There is no available experimental
data for a II, but qualitatively the attenuation is of the same order of
magnitude as that calculated.
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in M. Eq. (V-21) therefore reduces to an integral over the open face
of the slot only. Since k" is very small compared to k', the imaginary
parts of the various Bessel and Neumann functions can be accurately
calculated from the first term of the Taylor expansion about k'r. Neglec-
ting higher powers of k", Sd (III) is therefore:
2,U1 f~
If the arguments are small enough so that the functions them-
selves may be represented by the first term in a Maclaurin series the
attenuation a IIIcan then be written in the following convenient form:
S ECRET
Conclusions:
The formulas and tables presented here enable the resonant
modes of vane magnetrons to be computed to an accuracy of 3% or less, and
should therefore be of use in the preliminary design of such tubes. The
inaccuracy is the result of omitting the cathode, end zones, and field
fringing. The latter omission changes the fields considerably but does
not affect the results by more than 1%. The cathode likewise may usually
be neglected, so that the largest source of error is the effect of the end
zones. It has not been possible to calculate this effect except in a
qualitative manner. However, the methods used give a clear physical
picture of the role of the end zones, and further improvement of the
calculation would probably require a disproportionate amount of effort.
The end zones are also of importance in corrugated wave guides.
It had been hoped that one could find an end zone size such that the free
space wave length is nearly constant for a large variation in guide wave
length, corresponding to the mode cross-over found in slot and hole magnetrons.
Such a wave guide would be of great importance in linear array antennas since
one could then scan by tuning the magnetron slightly. However, it was
found that such a cross-over, if it exists, occurs at very small end zone
height. Since the attenuation is large for small end zones, this scheme is
then not practical. In this connection it might be profitable to investigate
corrugated wave guides with a slot and hole arrangement instead of slots, as
that form of magnetron has a larger end effect.
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Tables of f and G
n
The functions f and G are defined as
ar .tan f C,, (w r.>') 
(* C, r r,', '>J
and
Gzarc tan Tr wfJ
#:=ht;
In the range of x(=k(r2 - r1 )) from .8 to 1.2, f can be represented as a
linear function of x with an accuracy of .5%:
a I (Y2 -Y) + b (3)
The coefficients a and b are tabulated as functions of the parameter
y - r2 l/r1 in Table I. Figs. 18 and 19 are graphs of a and b for y
between 1.5 and 9.0. G can be approximated by a linear function of kr1 :n 17
G 0( 1( r, -(
The coefficients a n and $ depend upon n, N, and 0. For the range of
involved 0 is small and practically constant, while a, can be considered
a linear function of 0 :
Table II presents values ofY n, and On for several values of N. Within
the ranges of 0 and kr stated in the table G can be computed to an
accuracy of 1%, providing n is greater than 1 or 2, in which case the error
is larger, about 5%.
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Table I
The Coefficients a and b for Various Values of y = r2 '/r1 '
y
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
2.4
2.6
2.8
3.0
3.2
3.6
4.0
4.5
5.3
6.0
7.0
8.0
9.0
a b
-1.012
-1.000
-. 986
-. 977
-. 965
-. 951
-. 937
-. 925
-. 910
-. 895
-. 873
-. 846
-. 820
-. 798
-. 750
-. 707
-. 658
-. 593
-. 550
-. 495
-. 450
-. 418
1.438
1.400
1*361
1.335
1.304
1.272
1*241
1.216
1.183
1.155
1.110
1.059
1.016
.975
.897
.831
.759
.665
.602
.530
.468
.429
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Table II
, & and
1
2
3
4
1
2
3
4
5
1
2
3
4
5
6
1
2
3
4
5
6
7
1
2
3
4
5
6
7
8
N 10
2.44
1.11.
.85
.67
2.68
1.37
.66
.46
.50
4.27
2.15
1.23
.92
.67
.57
4.27
2.10
1.15
.88
.55
.58
.45
3.41
2.97
1.61
1.05
.68
.58
.52
.44
.109
.092
.077
.085
.153
.082
.103
.106
.092
.284
.057
.057
.055
.060
.066
.360
.111
.092
.064
.070
.056
.066
.413
.053
.046
.048
.052
.049
.047
.049
N 14
N 16
-. 011
-. 002
.000
-. 001
-. 009
-. 002
.001
.000
.001
-. 174
-. 025
-. 008
-. 003
.002
.001
-. 256
-. 052
-. 024
-. 003
.002
.004
.003
-. 155
-. 030
-. 008
-. 005
.002
.001
.000
.002
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Table II (continued)
.04 <#4.10
.8 4 y4 1.2
.04 a 4 .10
.8 .4 pr, 1.2
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N 18 .350
.063
.035
.044
.042
.043
.043
.039
.039
-. 192
-. 028
-. 012
-. 006
.001
.001
.001
-. 001
-. 001
N 20
1
2
3
4
5
6
7
8
9
2
3
4
5
6
7
8
9
10
5.10
2.90
1.98
1.27
.93
.73
.62
.62
.60
5.06
3.25
1.90
1.35
.92
.73
.60
.58
.50
.48
.376
.062
.048
.044
.046
.045
.041
.042
.042
.042
-. 172
-. 033
-. 010
-. 005
.001
-. 001
.002
.001
.002
.002
-.95
-JSj
-.J0
-.78
o1
-560
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APPENDIX II
Measured Resonant Wave Lengths of a Linear Magnetron
Z (centimeters)
00 1.270 0.953 0.699 0.513 0.280 0.064
11.030
9.467
8.802
8.451
8.262
8.134
8,057
8.017
9.732
8.795
8.082
7.654
7.400
7.243
7.133
7.082
7.047
10.614 9.899
9.264 8.748
8.707 8.354
8.401 8.166
8.043
8.110 7.962
8.039 7.915
7.882
9.056 8.016
8.464 7.807
7.948 7.602
7.608 7.432
7.384 7.301
7.235 7.210
7.145 7.135
7.080 7.085
7.050 7.053
0.030 0.013 0.000 z,=00
9*715
8.652
8.306
8.132
8.023
9.534 9.378
8.334 8.071
7.548
7.298
7.156
7.063
7.004
6.977
0,2,1
0,3,1
0,4,1
0,5,1
0,6,1
0,7,1
0,8,1
0,9,1
0,1,2
0,2,2
0,3,2
0,4,2
0,5,2
0,6,2
0,7,2
0,8,2
0,9,2
0,10,2
0,2,3?
(The column marked z1= 0 gives values calculated
from Eq. (11-18)).
M
11.700
9.692
8.891
8.503
8.286
8.148
8,069
8,026
11.068
9.353
8.261
7.707
7.417
7.249
7.147
7.086
7.052
7.034
6.907
ni
m
9.800
8.912
8.505
8.280
8.146
8.063
8.022
8.438
7.742
7.422
7.249
7.142
7.080
7.049
7.035
6.868 6.812 6.761 6.587
11.504
9.631
8.875
8.491
8.278
8.145
8.064
8.023
10.675
9.159
8.198
7,698
7.412
7.244
7.144
7.082
7.047
11.264
9.548
8.837
8.480
8.270
8.140
8.062
8.020
10.195
8.970
8.144
7.670
7.406
7.2456
7.144
7.081
7.047
12.642
9.833
8.912
8.502
8.267
8.128
8.045
8.004
CA
M
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Appendix III
The Unloaded Q of a Linear Magnetron
The purpose of this calculation is to provide a rough value
for the Q due to joulean dissipation for the (O,m,1) modes of a linear
magnetron. The following assumptions are made:
1. The end zones are so large that they have little effect on
the resonant frequency. Hence B in the slots may be neglected. The
other field components in the slots are also assuned independent of z.
2. The fields in I and IV are small compared to those in the slots,
and hence the energy stored in these regions and the dissipation in the
walls may be neglected.
3. The energy of the fields in the end zones is negligible, and the
dissipation in the top surfaces of the vanes is much larger than in the
other walls of the end zones.
4. Fringing of the field is neglected.
These approximations hold best for the higher modes.
The Q is calculated using the expression :
2 1f134 V
where B is the tangential magnetic field and 6 is the skin depth. The
components of the fields that will be needed are:
---------------------------------------------
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In the jth slot:
S 4, coS h jY cosl1, (, -"T- L)
Q cosIYoY si i NO( X -L--)
In the end zones
UK->1
do0
47F 0 S in
10 V C, Sivh Ii'f~f I o~ m A I C.
Although standing wave solutions are used here, instead of traveling
waves, the relation between c and a is still given by Eq. (11-21).
The integral of B over the volume of the slots is
f- Z j d [ , t s is 2 IvyL J N-1
f d3' V a," Lj,d E
3j-0
I- _ '
co If-.) y
42 L )
where is the Kronecker symbol.
The integral of B 2 over the surfaces of the oscillator cavities
is
134 J5 = i
3- ,,, 1
+ L ( sivt2 x'L)] .2. 'XL- UF)
The similar integral evaluated over the top surfaces of the vanes is:
f i5= NL 17
f-r- O
__ _ __ _ __ _
Irf tax
where D = Y - d.
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In calculating the Q, some further simplifications may be made.
In the series in Eq. (6) we need keep only the I - 0 and ;= 1 terms
and replace k" by k" The final value for the Q is then
z yW
s : i 1G
L I / ( '- Qf Rt. I (7)
2- S~w 1L S4 V 2J&Ljj~C{~Azid, Sih)'4d)
L2 1 4KC L Z(-dmj M9 fd
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